In (2008), Zhang proved the existence of fixed points of mixed monotone operators along with certain convexity and concavity conditions. In this paper, mixed monotone single-valued and multi-valued operators of Rhoades type are defined and two fixed point theorems are proved. MSC: 47H10; 47H07
Introduction and preliminaries
In (), mixed monotone operators were introduced by Guo and Lakshmikantham [] . Then many authors studied them in Banach spaces and obtained lots of interesting results (see [, ] 
and [-]).
On the other hand, in (), Rhoades [] introduced a new fixed point theorem as a generalization of Banach fixed point theorem.
Theorem . (Rhoades []) Let (X, d) be a complete metric space. Suppose that T : X → X is a single-valued mapping that satisfies d(Tx, Ty) ≤ d(x, y) -ψ d(x, y) ()
for each x, y ∈ X, where ψ : [, +∞) → [, +∞) is continuous, nondecreasing and ψ - () =
{} (i.e., weakly contractive mappings). Then T has a fixed point.
In this paper, a weak mixed monotone single-valued and multi-valued operator of Rhoades type is defined. Then two fixed point theorems for this kind of operators are proved.
Let E be a real Banach space. The zero element of E is denoted by θ . A subset P of E is called a cone if and only if:
• P is closed, nonempty and P = {θ },
• a, b ∈ R, a, b ≥  and x, y ∈ P imply that ax + by ∈ P, • x ∈ P and -x ∈ P imply that x = θ . http://www.fixedpointtheoryandapplications.com/content/2013/1/73
Given a cone P ⊂ E, a partial ordering ≤ with respect to P is defined by x ≤ y if and only if y -x ∈ P. We write x < y to indicate that x ≤ y but x = y, while x y stands for y -x ∈ int P, where int P denotes the interior of P. The cone P is called normal if there exists a number K >  such that θ ≤ x ≤ y implies x ≤ K y for every x, y ∈ E. The least positive number satisfying this is called the normal constant of P.
. Now, we recall the following definitions from [, ].
Definition . Let P be a cone of a real Banach space E. Suppose that D ⊂ P and α ∈ (-∞, +∞).
Definition . Let E be an ordered Banach space and D ⊂ E. An operator is called mixed
Let C(E) be a collection of all closed subsets of E.
. T is called increasing (decreasing) if T is an increasing (decreasing) upward and downward.
is said to be mixed monotone upward if T(x, y) is increasing upward in x and decreasing upward in y, i.e.,
In , Khojasteh 
and
respectively. Also, we denote 
where S Con must be unique.
We show the common value S Con by
We denote the set of all cone integrable functions φ :
Lemma . [] Let M be a subset of P. The following conditions hold:
Remark . [, Remark .] Let P be a cone of E, and let u ∈ P. If for each ∈ int(P), 
Theorem . Let P be a cone of E, let S be a completely ordered closed subset of E with
be a weak mixed monotone operator of Rhoades type with A((
Proof By the above condition (III), there exists
Take r n = sup{r ∈ (, ) : u n ≥ rv n }, thus  < r  < r  < · · · < r n < r n+ < · · · <  and lim n→∞ r n = sup{r n : n = , , , . . .} = r * ∈ (, ]. Since r n+ > r n = sup{r ∈ (, ) : u n ≥ rv n }, thus u n ≥ r n+ v n . In addition, S is completely ordered and λS ⊂ S for all λ ∈ [, ], then u n < r n+ v n . Now, one can prove r * = . Otherwise, r * ∈ (, ).
Since u n < r n+ v n and r n+ < r * , hence u n < r * v n , and we have
which is a contradiction. Thus, r * = . Let  be given. Choose δ >  such that + N δ () ⊆ P, where N δ () = {y ∈ E : y < δ}. Since r n → , one can choose a natural number
By Remark ., lim n→∞ u n = lim n→∞ v n . http://www.fixedpointtheoryandapplications.com/content/2013/1/73
For all n, p ≥ , applying the same argument, we have
Hence, {u n } and {v n } are Cauchy sequences in E, then there exist u
It is easy to see
Finally, by the mixed monotone property of A,
On taking limit on both sides of (), when n → ∞, we have 
Corollary . Let P be a cone of E, let S be a completely ordered closed subset of E with S  = S\{θ } ⊂ int P and let λS ⊂ S for all
A is a mixed monotone operator, and one can easily see that all conditions of Theorem . hold. Thus we obtain the desired result.
M R property
In this section, we introduce a new fixed point theorem in the class of multi-valued mixed monotone operators. Due to this, the following definition is given. http://www.fixedpointtheoryandapplications.com/content/2013/1/73 Definition . A mixed monotone operator T : D×D → C(E) is said to be a Mixed Monotone Multi-valued operator of Rhoades type (M  R property for short) if
T(tx, y) T(x, ty) -t, x, y, T(tx, y)
Theorem . Let P be a cone of E, let S be a completely ordered closed subset of E with S  = S\{θ } ⊂ int P and let
mixed monotone multi-valued operator of Rhoades type with T((
Take r n = sup{r ∈ (, ) : u n ≥ rv n }, thus  < r  < r  < · · · < r n < r n+ < · · · < , and lim n→∞ r n = sup{r n : n = , , , . . .} = r * ∈ (, ]. Since r n+ > r n = sup{r ∈ (, ) : u n ≥ rv n }, thus u n ≥ r n+ v n . In addition, S is completely ordered and λS ⊂ S for all λ ∈ [, ], then u n < r n+ v n . Now, one can prove r * = . Otherwise, r * ∈ (, ). We claim
Thus,
and this is a contradiction. Therefore, r * = . Let  be given. Choose δ >  such that + N δ () ⊆ P, where N δ () = {y ∈ E : y < δ}. Since r n → , one can choose a natural http://www.fixedpointtheoryandapplications.com/content/2013/1/73
Hence, {u n } and {v n } are Cauchy sequences in E, then there exist u * , v * ∈ E such that u n → u * , v n → v * (n → ∞) and u * = v * . Write x * = u * = v * .
It is easy to see that u n T(u n+ , v n+ ) T(x * , x * ) T(v n+ , u n+ ) v n for all n = , , . . . .
Thus, there exists z n ∈ T(x * , x * ) such that u n ≤ z n ≤ v n . By taking limit on both sides of (),
So, z n → x * . Since T has closed values, then x * ∈ T(x * , x * ) and
Remark . One can see easily that Theorem . should be included as a corollary of Theorem .. A is a mixed monotone operator. Now suppose that : [, ) × P × P × E → E is as (t, x, y, s) = ( -t  )s. Then is an L -function. Moreover,
A(tx, y) ≤ A(x, ty) -t, x, y, A(x, ty)
for each x, y ∈ S  . Also, by taking u  = 
